We examine the dynamics of materials characterized by the presence of a deformation threshold beyond which no deformation is possible. The class of bodies that we are interested in studying are described by an implicit constitutive relationship between the Cauchy stress and the deformation gradient.
Introduction
Classical models describing the response of continua provide explicit representation for the stress in terms of kinematical variables, e.g., the stress in terms of the linearized strain as in classical linearized elasticity or the stress in terms of the symmetric part the velocity gradient as in the Navier-Stokes fluids. This is also the case of models introduced in linear viscoelasticity by Boltzmann. Noll (see Ref. 26) introduced the notion of a simple fluid wherein the stress is expressed as a functional of the history of the relative deformation gradient. Such simple fluids include models such as those due to Rivlin and Ericksen 21 whose stress in general depends not on more than just one kinematical variable, but rather on a tensor (the Rivlin-Ericksen tensor). Also included in the class of simple materials are the so-called fluids of complexity (m, n) (see Ref. 7 ) and generalized Newtonian fluids, the power-law fluids being a special subclass of such fluids. There is a fundamental difference between models such as the classical linearized elastic model and the linear viscoelastic fluid on the one hand and the Rivlin and Ericksen and the power-law fluids on the other hand. In the case of the former set of models either the stress can be expressed as a function of the relevant kinematical variables or the kinematical variables can be expressed as a function of the stress (this is also true for ideal gas law wherein either pressure can be expressed in terms of the specific volume or vice versa, at constant temperature). However, in the case of general Rivlin-Ericksen fluids or power-law fluids, one cannot express the kinematical variable as a function of the stress. In the case of nonlinear elastic solids, given the stress as a nonlinear function of the Cauchy-Green stretch tensor, Truesdell and Moon 27 provide sufficient conditions whereby the relationship between the Cauchy stress and the stretch can be inverted and the stretch tensor expressed as a function of stress. Models of both kinds are subclasses of implicit models for elastic bodies introduced by Rajagopal. 19 Another popular model that has been found to be the most useful in describing the response of many real materials, especially food products, ceramics, waxy crudes, and geological fluids is the Bingham fluid that flows when a certain threshold value for the stress is exceeded. If by a "fluid" we mean a body incapable of resisting a shear stress, the word "fluid" is obviously misused in this case. However, whether a body is a "fluid-like" or "solid-like" is a matter of the time-scale of observation and the length scales used for measuring the motion and hence it is reasonable to admit models such as the Bingham fluid if the time-scale and length scale are appropriate. Once the threshold is exceeded the fluid flows for which a constitutive relation is specified. The response of a Bingham fluid, within the context of one-dimension is depicted in Fig. 1 .
We notice that Fig. 1 is a graph and if instead we were to plot shear rate versus the stress as shown in Fig. 2 , we have a functional relationship between the shear rate and the shear stress.
An interesting counterpart to the Bingham fluid-like response is depicted in Fig. 4 . Such is the response of a spring held in parallel with an inextensible unstretched string when the stress is expressed as a function of the strain. Once again we see that the stress cannot be expressed as a function of the strain while the strain can be expressed as a function of the stress.
Both the Bingham fluid and the example shown in Fig. 4 can be viewed as limiting subclasses of a much more general class of implicit constitutive relations. Let us consider an incompressible fluid whose viscosity depends on the pressure in the fluid and the symmetric part of the velocity gradient. In such a fluid one cannot express the stress explicitly in terms of the symmetric part of the velocity gradient (see Refs. 11 and 20) . Such models for fluids are not recondite examples; the basic premise in elastohydrodynamics is precisely such an approximation (see Ref. 24) . As the fluid is incompressible, the pressure is the mean normal stress and the viscosity thus depends on the stress, thereby leading to an implicit constitutive relation between the stress and the symmetric part of the velocity gradient. As early as 1889, Barus 2 provided an empirical relationship for how viscosity varied with pressure.
An interesting counterpart to this problem within the context of nonlinear viscoelastic solids is the constraint of inextensibility (or, in general three dimension, a threshold for the strain tensor) which plays the role that pressure plays in the fluid case; the constraint could once again be incompressibility or that of inextensibility.
In this paper, we are interested in a case wherein we have a material that has a threshold for the strain. Until this threshold is reached, the body responds like an elastic material. In fact, the problem is akin to classical plasticity in that the material behaves as an elastic body until a "threshold condition" is reached. However, the similarity with plasticity ends with sharing this notion of an initial elastic response. This problem is in a sense the inverse of "plasticity" in that no flow takes place as the stress is increased beyond the threshold, while in plasticity there is continued flow even without an increase in stress.
The motion of the "threshold surface" may be entropy producing. This is due to the fact that the structure of the body changes from being an elastic body to one that cannot be strained further.
Prager 15, 16 motivated the possibility of response such as that depicted in Fig. 4 within the context of the compression of elastic solids and he referred to the phenomenon, wherein after a certain threshold even large increase in stress does not produce an increase in strain, as "locking." Such a phenomenon presents itself in the compression of metallic and polymeric foams and there are several theoretical as well as experimental papers on this subject. One finds that problems that involve unilateral constraints within the theory of linearized elasticity also leads to similar response (see Ref. 5) .
The problem studied here is different from these studies on locking as the original work of Prager and the subsequent papers on unilateral constraints did not allow for dissipation and the attendant entropy production. While more recent papers on locking do discuss notions such as damage, there is no rigorous thermodynamic basis within which such damage is discussed.
While it would be semantically incorrect to think of the material that is responding in an elastic manner and that which is incapable of being strained further as two phases of a material and the surface that separates them as a phase front, it is instructive to think of the problem to be depicted in such a manner. The "phase transition" we are talking about is reversible. We then recognize that the movement of the boundary S is akin to the movement of the phase front and in common with such a situation we have entropy production (in case of non-vanishing jump of the stress across S) due to the movement of the phase front accompanying the creation of a new phase, in this case the new material that is incapable of further straining.
Tendons, ligaments, tissues are mixtures of inhomogeneous, anisotropic nonlinearly viscoelastic solids and biological fluids. However, to model them as such leads to mathematical models for complex mixtures that are not amenable to a simple analysis. In view of this they are usually modeled as single constituent solid bodies. Of the models that are in vogue, the most common models are those for nonlinear elastic and linear viscoelastic solids (see Refs. 8, 12 and 30) . In view of the nonlinear response of most biological materials, it is more common nowadays to use constitutive equations for nonlinear elastic materials. These models are explicit constitutive equations for the stress. However, the uniaxial extension depicted in Fig. 4 has relevance to the uniaxial extension of biomaterials like tendons that are composed of elastin (that is spring like) and collagen (that are like strings); though they are not perfectly inextensible since their elastic modulus is quite different from that of the elastin.
Elastic solids are usually classified as Cauchy elastic bodies or Green elastic bodies. In the former case the constitutive relation for the stress is given as a function of the deformation gradient, while with regard to the latter class one assumes the notion of a stored energy which serves as the potential for the Piola-Kirchhoff stress. Recently, it has been shown that the class of materials that have "elastic response" is far larger than those that can be categorized as a Cauchy elastic or a Green elastic body (see Refs. 17 and 18) . That such a large class of bodies is possible is a consequence of relaxing a tacit assumption that is made prior to defining either a Cauchy elastic or Green elastic body, namely that the stress or the stored energy depends explicitly and only on the deformation gradient. When one gives up this assumption, one finds a much larger class of bodies.
Rajagopal and Srinivasa 18 have provided a thermodynamic framework within which to study models that are described by a certain class of implicit constitutive equations (see Eq. (2.4)). While the stress in such materials cannot be derived from the stored energy, such bodies have a stored energy associated with them. The stored energy however depends on both the stress and the strain. Much more general classes of implicit constitutive relations involving higher time derivatives of the stresses and the appropriate kinematic variable are possible (see Ref. 17) .
The implicit constitutive equations have been developed recently to describe elastic response are capable of exhibiting an interesting feature that makes them suitable of describing materials like tendons, namely that of a limit to their extensibility. While models to describe limited chain extensibility have been proposed, the relationship between the stress and the kinematical variables are explicit and the stretch tends asymptotically to a limit, i.e., the stress needed to reach this limit is infinite. On the other hand, implicit models predict that the limit can be reached with a finite stress.
There is considerable experimental evidence (see Ref. 13 ) that indicates that the uniaxial response of tendons and ligaments exhibit a pronounced "leg" and considerable stiffening on continued extension (see Fig. 3 ). In the same way as the one-dimensional Bingham constitutive law can be recovered as a limit case of power laws (i.e. explicit constitutive laws), one is led to look at the implicit model with stretching threshold as the limit of nonlinear elastic models with limited extensibility. However, we will see that this is not the case, because of the fact that the implicit model does not preserve energy in general.
Before proceeding further, it is worth observing that in the one-dimensional problem (corresponding to the spring and the inextensible string) that was introduced, once the one-dimensional body is fully stretched (fully strained) it is not possible to provide any further stored energy (working) due to its deformation. The body is in fact akin to a rigid body, while its potential and kinetic energy can change, there can be no change in its energy due to the deformation. We shall see later that this inability to supply energy has important consequences concerning the dynamics of the "threshold surface" (to be more precise a surface that delineates the regions that are capable and incapable of further strain and hence a "strain front").
Though we have discussed thus far a problem that has some relevance to the deformation of biological materials, the three-dimensional version of the problem that we shall study presents features in common with phenomena occurring in geological bodies. In many such bodies, which are essentially granular in nature, when sheared, they tend to "lock" after a critical shear is reached. That is, due to the granular particles re-arranging themselves, they get into a configuration that does not allow any further shearing. Our study is however not directly related to the deformation of geological bodies as they tend to dissipate energy even before "locking" occurs. Rather, we consider an idealized counterpart wherein before the "locking" the deformation is non-dissipative. In this sense, the problem that we study is a melding of the one-dimensional problem that we discussed wherein there is no dissipation until a threshold strain is achieved and the shear problem of granular materials wherein "locking" occurs.
We will see that the corresponding mathematical model is a free boundary problem for a hyperbolic equation (as expected), in which the free boundary conditions may be of two different types, according to whether the velocity field is continuous or discontinuous across the interface. The first class, corresponding to a rather artificial set of initial data, produces a subsonic motion of the interface. The natural problem, in which the system is initially at rest and the applied load reaches and becomes larger than the threshold value, exhibits instead a supersonic interface. Both situations have been studied, obtaining an existence and uniqueness theorem for the former case, while the latter case is studied for some specific data, highlighting the typical behavior of the system in the supersonic regime. Numerical results are obtained using biological data for the problem of shearing motion.
We have also compared the solution to the problem with a stretching threshold with the problem in which the constitutive relation for the stress in the strain is piecewise linear, with the slope associated with the second linear relationship tending in the limit of a sequence of such responses to infinity. We find that the limit of the solution to the second problem does not reproduce the response characteristic of the material with a stretching threshold. The reason for this departure stems from the entropy production due to the dissipation associated with the moving boundary that demarcates the region that has elastic response and that which is incapable of stretching. It is obvious that the body deviates intrinsically from an elastic behavior.
The General Model
This section is devoted to the mathematical formulation of the model. After a short introduction of implicit constitutive models the specific one-dimensional shear problem is presented.
Basic definitions
Let us define κ R and κ t the reference and actual configuration (configuration at time t), respectively, of our body. The motion is described by the mapping χ :
, that associates to the pair (X, t) ∈ (κ R × R), representing the particle labeled by the vector X and the time t, one and only one point x ∈ κ t x = χ(X, t).
We denote by χ −1 the inverse mapping, namely
The velocity and the acceleration of the particle X ∈ κ R (at time t) are defined by
respectively. The displacement (at time t) of the particle X with respect to κ R is defined by
We introduce the deformation gradient at (X, t) with respect to κ R as the linear transformation
where Grad denotes the differentiation with respect to X. We also introduce
where ∇ denotes the differentiation with respect to the Eulerian coordinates x and the superposed dot means time differentiation along the particle path.
Implicit constitutive models
A starting point for implicit constitutive equations for elastic bodies would take the form (see Ref. 17 )
where g is a sufficiently smooth scalar function, a T is the Cauchy stress tensor. It follows from frame indifference that the above implicit relationship takes the form:
where S is the symmetric Piola-Kirchhoff stress, defined through
and E is the Green-St. Venant strain tensor given by
When f is continuously differentiable
Motivated by this, let us consider the following generalization, namely where A and B are fourth-order tensors. A relation of the form (2.3), if it is sufficiently smooth, will lead to the relation (2.4), but (2.4) is more general in the sense that not all equations of the form (2.4) can be integrated to obtain (2.3). In this paper, we shall look at constitutive equations of the form (2.3). It is worth remarking that Truesdell 25 introduced a class of response functions that is a generalization of classical elasticity, which he called hypoelastic response. These models are also implicit constitutive relations but do not belong to the class defined above (see Refs. 3, 4 and 14 for a thermodynamic basis for hypoelastic bodies). Constitutive models of the form (2.4) have also been considered before (see e.g., Ref. 10) for describing the inelastic response of bodies.
Here we want to model a material in which strain cannot exceed a certain threshold. Below that threshold a constitutive law is prescribed as a one-to-one mapping between stress and strain, with the stress bounded. Therefore the stretching threshold corresponds to the maximal value of stress in the deformability range. Of course there will also be a breaking threshold. We suppose that the body is not stressed up to the breaking point.
During the deformation (see Refs. 8 and 30) the body is invariably modeled as a Green elastic solid with the stored energy given in terms of polynomials of the appropriate integrity basis or in terms of an exponential, with the stress being an increasing function of the strain. The exponential model due to Fung 8 allows one to capture the large variations in the stress σ (σ having the dimension of a pressure, d
[σ] = P a) due to a relatively small variation in the strain (see Fig. 3 ).
a In general g can be also a tensorial function. b The superscripts "−1" and "−T " stand for the inverse and inverse transpose of the tensor. c We remark that no analogy can be found between (2.4) and the constitutive laws presented in Refs. 15 and 16. d With the square brackets we denote the dimension. We may consider a limiting case of the above behavior assuming (see Fig. 4 ) that beyond a certain value of the strain, say o , (or, of the stress, say τ 0 , [τ 0 ] = P a) an increase of the applied stress produces no deformation, i.e., the body has become "fully strained" (in the one-dimensional case inextensible). In fact there are several models that are currently used within the context of elasticity that have limited extensibility, however they tend asymptotically to a limit and the stress is yet expressed as a function of the strain.
The procedure of considering a sharp threshold as a limiting case of rapidly changing material properties is ubiquitous in several branches of physics (elasticplastic and visco-plastic materials, phase change, porous media with no capillarity, infinitely fast chemical reaction, etc.).
Following Rajagopal, 17 we consider materials whose response is portrayed in Fig. 4 . Such a response is possible in bodies characterized by implicit constitutive equations in which the stress is not derivable from a potential though they have a stored energy associated with them. In such bodies the elastic stored energy depends both on the deformation gradient F and on the Cauchy stress T. Referring to the one-dimensional case of Fig. 4 , the constitutive relation is given by
where
is the Heaviside function and where ϕ( ) is a given function such that ϕ ( ) > 0 for > 0 and ϕ (0) = 0. We now show that the constitutive relation (2.5) can be derived from a local dissipation equation which, for isothermal processes, reads as
where:
• T · L is the stress power.
• ψ is the "generalized" stored energy function which may depend on both and σ.
We first notice that assuming
and supposing that there exists a surface S ⊂ κ t , evolving in time, that separates the region where the body is deformable (0 ≤ σ < τ 0 ) from the one where the body is undeformable (σ ≥ τ 0 ) could be one method of modeling the body. In any domain that does not contain S, (2.6) can be rewritten as
Indeed, in the unstrained region˙ = 0 and, from (2.7)ψ = 0, while in the deformable regionψ = σ˙ . We now see that locally (avoiding the surface S) (2.8) can be our "constitutive relation," i.e., that the constitutive relation (2.5) can be derived from (2.8) and (2.7). Indeed, imposing (2.8) in any region that does not contain S, we have
which, because of (2.7), gives
or equivalently the implicit relation (2.5).
Considering the general 3D case, let us suppose that the constitutive equation is given by (2.2) (see again Ref. 17) . As before, we assume that there exists a surface S ⊂ κ t , that separates the "deformable region" from the "fully stretched region." In other words, denoting by κ (e) t and κ (fs) t the region in which the body is deformable and the one in which deformation has reached the strain threshold, respectively, we assume that
Further, we assume that (2.6) holds true, with "=" in place of "≥," in any region that does not contain S, or, in other words, that dissipation may occur only due to the movement of S. We also suppose that the "generalized" stored energy function ψ may depend on both T and F, namely
Differentiating (2.2) along any particle path, avoiding the possible points lying on S, we get 
where h is a fourth-order tensor. From (2.6) we have (recall that the local rate of dissipation vanishes everywhere inside κ (e) t and κ
which, by virtue of (2.9), entails
From (2.1)Ḟ = LF, which substituted into (2.10) yields
Assuming incompressibility, which implies that I · L = 0, we get 12) with φ a suitable Lagrange multiplier. When F = I we require that ψ is such that
consequently we may define the extra stress 13) so that T e | F=I = 0. Thus
with φ = φ 0 + φ. Recently, it has been shown by Rajagopal and Srinivasa 18 that (2.13) is a consequence of assuming that the constraint does no work, but that in general, the extra stress can depend on the Lagrange multiplier, a simple example of the same being an incompressible viscous fluid whose viscosity is dependent on the pressure. Remark 2.1. It has to be noted that, locally (besides S), assuming T · L −ψ = 0 does not necessarily mean that globally (i.e., in the whole domain κ t ) the body does not dissipate energy. Indeed, as we shall see in Sec. 2.5, as the surface S moves, entropy may be produced.
Modeling the stretching threshold
We introduce a function Π which depends on the invariants of T e such that Π = 0 when T e = 0. We also introduce a positive threshold Π 0 , such that the body behaves as an elastic body if |Π| < Π 0 and that it cannot be deformed if |Π| ≥ Π 0 . The key point is, of course, the selection of Π, which has to be made on the basis of both experience and experimental results. To be specific we suppose that the "generalized" stored elastic energy per unit volume is given by
(2.14)
T is the right Cauchy-Green tensor.
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We have Generally speaking the selection of Π depends on the specific problem under consideration (it would be different for different materials, say ligaments or tendons or granular materials that exhibit "locking." In fact, the three-dimensional model has more in common with perfectly smooth elastic granular solids that "lock" than ligaments or tendons as in the three-dimensional body the fibers have a variety of orientations, i.e., they are anisotropic and that means the response depicted in Fig. 4 will not be applicable to the three-dimensional response of such bodies). As our aim is to merely illustrate the consequence of a threshold for the stretching, we shall make a simple choice and identify Π with ψ
One-dimensional shear problem
Let us consider a homogeneous slab of thickness h loaded on the top surface with a known shear stress σ, [ σ] = P a. Let x and y be the axes, respectively, parallel and orthogonal to the layers forming the material. We introduce the Lagrangian and Eulerian coordinates
and consider a pure shear motion
f (y, t) being the unknown displacement. Notice that y serves as both a Lagrangian and an Eulerian coordinate. We assume that the applied shear stress σ takes values greater than τ 0 and that the surface S separating the region where the body is elastic from that in which it has reached the maximum strain is, in the (y, t) plane, delineated by the curve y = s(t). So, s(t) is the location of wherein the strain has reached the threshold value at time t. The latter, therefore, is not a material surface. The material is fully strained for s(t) < y ≤ h, i.e., κ
Deformable region, 0 ≤ y < s(t).
The displacement u, written in terms of the Eulerian coordinates, is
Thus velocity and acceleration are given by
The deformation gradient and the right Cauchy-Green tensor are 19) and the total Cauchy stress tensor is
In particular, denoting by σ the shear stress acting on the layer located at y at time t, we have
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From (2.18) we have Π = σ 2 2µ and we set Π 0 =
We thus require
In particular, recalling (2.14), the "generalized" stored elastic energy (per unit volume) is
(2.23)
Notice that (2.23) is more akin to a stress based "yield-condition" in plasticity than a strain based "yield criterion." Concerning the dynamics, writing the equation of motion component-wise (and neglecting body forces) we get 
Since we assume that no pressure gradient is applied on the lateral sides of the body, i.e., P(t) = 0, the equation of motion in the elastic region reduces to
The initial data for (2.27) are
Finally, at the bottom surface y = 0 we assume that there is no displacement, i.e., f (0, t) = 0.
Fully strained region. We denote by v (s) (t) the velocity of the fully stretched region and by a (s) (t) its acceleration, namely
At the interface y = s(t) we impose continuity of the displacement 30) which ensures that no ruptures occur. In particular,
since, in the fully stretched region, the strain is uniformly equal to τ0 µ . The latter implies that Fig. 4 ). We may thus rewrite (2.31) and (2.32) in the following way: The Cauchy stress tensor, given by
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is independent of x and z because of the assumed form of the motion. Hence T = T(y, t) and T 13 = T 23 = 0, thus the equations of motion reduce to
Imposing the boundary condition T(h, t)e 2 = σ(t)e 1 on y = h we get 
and
the conservation of the linear momentum in D can be rewritten as • n S is the normal to S
In particular, (2.39) entails the usual jump relation for the linear momentum
(see also Ref. 6, Chap. 8), which can also be deduced combining the linear momentum balance applied to the whole system and the one applied only to the fully stretched region.
Dynamics of the interface S.
We consider a domain for some x 0 , z 0 , s(t) < < h at a given time t and, in the same spirit of Ref. 29 , p. 90, we apply the conservation of linear momentum thereby obtaining
is the resultant of all external forces (parallel to e 1 ) acting on Ω. If after differentiation we take the limit → s(t)
which coincides with the limit y → s + of (2.36) and has to be coupled with the initial condition
Moreover, we suppose that, if at t = 0 the fully strained region is present, we have the compatibility condition
Remark 2.4. In deriving (2.43), we could have selected smaller than s(t), i.e. 0 < < s(t), so that Ω ∩ {0 < y < s} = ∅. In such a case, denoting by P the linear momentum of Ω, namely
we haveṖ
On the other handṖ
so, exploiting (2.27) and (2.41), we get
that is (2.43).
Concerning the stress σ(s + , t) which appears in the R.H.S. of (2.43), it can be expressed in terms of σ(s − , t), exploiting both (2.33) and (2.41). Indeed, from them
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we obtain 
which has to be coupled with the initial conditions
(2.48)
The free boundary problem. We are now in the position to express the general model in the deformable region as a hyperbolic free boundary problem.
where f 0 (y) must be such that f 0 (y) ≤ τ 0 /µ, ∀ y ≤ s 0 .
A. Farina et al.
We notice that in (2.49) one condition is still missing since the system contains the extra unknown σ(s − , t). Indeed retrieving the missing condition is an intrinsic difficulty of this problem which makes it quite peculiar. As we shall see, it turns out that, depending on the initial and boundary data, the problem itself selects the additional information which is required to close the system. This depend on whether [ 
t). The physical requirement (2.37) can be fulfilled only if |ṡ| ≥ c, (a jump in the stress).
Proof. Equation (2.45) may be rewritten as 
where (2.27), (2.39) and (2.43) have been exploited. Thus −µf y (0, t) is the reaction due to the constraint on y = 0.
Energy considerations and dissipation
We introduce the total kinetic energy 
where P ext is the power exerted by external forces, namely
and P diss denotes the global power dissipated. 
Proposition 2.2. Energy is dissipated if and only ifṡ < 0 and σ(s + , t) > τ 0 . More precisely, the dissipated energy is given by
If we now substitute (2.56) and (2.57) into (2.54) we obtain the following general expression for P diss ,
The R.H.S. of (2.58) can be expressed in a more compact form. Indeed, from (2.41), after some algebra, we get
Thus, the R.H.S. of (2.58) can be rewritten as 
with θ absolute temperature and Q total heat exchanged with the exterior. Now, in isothermal problems involving elastic solids, it is commonly assumed that
with E total internal energy. Hence
where we have used (2.54) and the first principle of thermodynamics. We therefore conclude
So, from (2.59) we have
If energy dissipation occurs then the fully strained region is expanding. In other words, the shrinking of the fully stretched region (i.e.ṡ > 0) is only compatible with σ(s
It can be easily seen that in any region that does not contain the interface S, the local rate of dissipation vanishes. Such a result (consistent with our constitutive procedure) does not apply to the global domain. This fact indicates the production of entropy due to the motion of S.
t).
h Such an assumption is tantamount to requiring that the Helmholtz free energy coincides with the total stored elastic energy Ψ.
The mathematical problem
Going back to Sec. 
(2.66)
Before studying this problem we cast it into a non-dimensional form. We rescale the independent variables as follows:
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We also define
Problem (2.64) and
(2.68)
(2.69)
Here and in the sequel, to simplify the notation, we will omit the "tildas." We finally remark that σ, σ, τ 0 , and µ keep their dimensions (i.e. P a). The expressions 
Analytical Results when [[σ]] S ≡ 0
In this section we show existence and uniqueness of a solution to problem (2.67), (2.68) when [[σ]] S ≡ 0 (i.e. σ(s − , t) = τ 0 ). As we shall see, the corresponding situation is rather artificial from a physical point of view, since very peculiar conditions must be imposed on the data. Besides f 0 , f 1 ∈ C 2 , we consider
and we will assume the following hypotheses:
H.1 0 < s 0 < 1 and the initial velocity of the fully strained part is given by (2.44 
H.3 Further w 0 (y) and w 1 (y) meet the following conditions:
Notice that H.2, (3.2) 2 , and (3.2) 3 imply
In particular, the former, because f = 0 on y = 0, implies that the initial velocity is negative in a neighborhood of y = 0. H. 4 Introducing
we assume that
requiring the compatibility condition W 2 < 2(1 − s 0 )W 1 .
Local qualitative analysis
Assuming for the moment that the problem defined through (2.67) and (2.68) has a solution and that −1 <ṡ(t) < 1 for t ∈ [0, T ] (in physical terms the free boundary velocity is less than c), we consider the domains (see Fig. 5 ) with T fulfilling (3.1). Of course
We can give a representation formula for w in terms of the initial and boundary data. Indeed, exploiting the results documented in Ref. 9 the solution of the hyperbolic equation is given by the formula
where, as mentioned, the initial data w 0 (y) and w 1 (y) have to be extended as even functions in [−s 0 , 0] and where t * = t * (y, t) is the unique solution of the implicit equation
In practice t * (y, t) < t is the time at which the characteristic coming from (y, t), with slope −1, meets the free boundary. The condition |ṡ| < 1, ∀ t ∈ [0, T ], guarantees the existence and uniqueness of t * .
Formula (3.5) allows one to evaluate explicitly w y , w t , w yy , and w tt (see Ref. 9, Sec. 4.3), whose expressions involveṡ ands. Thus the regularity of w depends on 
thus, on exploiting (3.5), we obtain that
(3.8)
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Remark 3.1. If we evaluate the derivative of w along the characteristics
we obtain, by virtue of (3.7), (3.8) and assumption H.2,
Thus, recalling (3.2), the above means that w remains below τ 0 /µ in the domain D s, T . 
because of (2.41), allowing, by means of (2.46), the computation of
On the other hand, from (2.32) we get the expression
which by virtue of H.2 and (3.4) 1 implies that any solution of problem (2.67) must satisfy
At this point we try to construct a solution in some time interval (0, θ) with the property −1 <ṡ < 0, which, by Proposition 2.1, is characterized by [[σ] ] S ≡ 0. The corresponding free boundary conditions are (2.68). Differentiating (2.68) 1 we obtain w t (s, t) +ṡw y (s, t) = 0, allowing one to eliminate w t in (2.68) 2
Having computed w y explicitly (see (3.7) when y = s(t) ⇒ t * = t) we may reformulate (3.10) as a first-order nonlinear ODE for s(t)
Now we prove that the condition (3.4) 2 allows to construct a solution to problem (2.67), (2.68) with the desired properties in some interval (0, θ), which can be easily estimated. Indeed, from H.2, H.4 and (3.12) we geṫ
and if we wantṡ > −1 we may require 1−s0 1−s < 1, which is in turn guaranteed bẏ s < 0. The latter condition is equivalent to F (s, t) > 1, that is implied by (3.4) 2 .
From (3.13) we deduce that
and require
The differential inequality (3.14), for
which, when integrated, gives
and we require:
1−s0 , since we want also s > 0. Thus, defining
we have to impose ξ < ξ 0 . Now, G(ξ) is increasing and, because of (3.15), G(ξ(t)) < t 1−s0 . So, if at some time ξ attains the value ξ 0 it must be later than the time θ defined by
In conclusion, for t ∈ [0, θ), the Cauchy problem (3.11) has a unique solution s(t) such that −1 <ṡ < 0 and which provides a solution to problem (2.67) and (2.68).
Remark 3.2.
The above proposition provides a sufficient condition for the local existence of a decreasing subsonic interface. Actually in Secs. 3.2 and 3.3 we will construct solutions in which the interface is subsonic but not decreasing (i.e., |ṡ| < 1, but notṡ < 0). Naturally, in such cases some of the assumptions H.1-H.4 are not fulfilled. In all cases the condition |ṡ| < 1 is guaranteed by K > 0 and assumption H.2.
A solution with a stationary interface
In this section we consider σ = const. > τ 0 . We denote by s ∈ (0, 1) the solution of (3.11) which corresponds, at least for some (small) time, to a stationary interface, namely
The interface will be stationary (in some time interval) if 16) with β positive constant and 
So, depending on the specific form of w 1 , w may exceed the threshold τ 0 /µ. Such a case (i.e. w ≥ τ 0 /µ) corresponds to the fact that the system has became fully strained before s. On the contrary, i.e. if w(y, t) 18) but, from (3.7) and (3.8), we derive
since w 0 is an odd function (recall that w 0 and w 1 have been extended as even functions for y < 0). We thus conclude that (3.18) is fulfilled if 19) holds true. The extension of the stationary solution for later time is again not trivial. We have to once again carry out a careful analysis to ensure that w has not exceeded the threshold τ 0 /µ within the deformable region.
However, the stationary solution y = s cannot be maintained by the system for an infinite time. Indeed, exploiting (2.32) for evaluating the acceleration of the fully strained region (which is equal to the one for the deformable region evaluated on S) we have
We thus deduce that the whole system becomes fully strained in a finite time.
We now give an example in which the system maintains the interface stationary until t = 2 s (time at which the dynamics stops). Taking
the free boundary is stationary (conditions (3.16) and (3.19) are fulfilled) and we are able to write explicitly the time-dependent solution of problem (2.67) corresponding to the stationary interface (3.17) . In the time interval [0, s ], we have (see Fig. 7 )
which is continuous across the line y + t = s and stays below the threshold τ0 µ . Fig. 7 . Intersection between the characteristic and the free boundary.
k This does not match the assumptions of proposition 3.1 which, in fact, produce solutions having −1 <ṡ < 0. Notice also that the initial velocity is negative and the system, at least at the beginning, is sheared in the opposite sense.
In the time interval [ s, 2 s ], we consider the domains
and the solution is
The system becomes fully strained and the interface stops moving, since the velocity of the deformable region is now positive. Indeed
At time t = 2 s the system has a kinetic energy proportional to 
(t).
• 22) with r 0 = Kβ −1 . The solution of (3.22) is
Looking for t(r) instead of r(t), we get the following Cauchy problem
Again the dynamics for t ≥ s 0 has to be studied to ensure that w is below the threshold τ 0 /µ in the deformable region.
Numerical simulations for the free boundary y = s(t)
In the numerical simulations performed we have referred to Ref. As a second example, we have considered a case in which w 0 is not constant (see Fig. 9 ). We have selected 
Analytical Results When [[σ]] S = 0
The problem that we will analyze in this section is the one in which f 0 (y) ≡ f 1 (y) ≡ 0 (i.e., the system is initially at rest) and the applied stress σ increases in time, i.e., σ (t) > 0 from σ(0) = 0, and at some time t 0 < 1 the load σ reaches the threshold τ 0 , namely σ(t 0 ) = τ 0 . We will also study the situation in which σ is beyond the threshold from the very beginning. As we shall see the dynamics is now characterized by a jump of σ across S, with the interface traveling faster than the speed of sound for the deformable medium. Of course the data do not fulfill H.1-H. 4 . First of all we notice that, for 0 ≤ t ≤ t 0 , the dynamics is described by the following problem (already written in dimensionless form)
whose solution has the explicit expression with
At time t 0 we have that
Proof. Suppose for the moment that for t ≥ t 0 the curve where the stress equals τ 0 is the characteristic
which takes the role of the interface. On the basis of (4.1), which provides the data f (y, t 0 ) and f t (y, t 0 ), we can easily compute w(y, t) for t > t 0 and conclude that w(1
The reason why the model (5.2) fails to capture the response of our original model with a threshold strain in the limit λ → +∞ lies essentially in the fact that the limit tends to preserve its hyperelastic character. Actually, recalling the notation introduced in Sec. 2.5, it is easy to check that Eq. (5.7) entails P diss = 0 for any λ (consistent with the assumption of energy conservation). Indeed, normalizing the total kinetic energy to ρc 2 h, its variation rate is (recall that in this case v is not uniform for s < y < 1)
while, for what concerns the variation rate of the total stored elastic energy (normalized to µh) we get In other words, model (5.2) is characterized by the absence of dissipation for any λ. The original problem, therefore, cannot be retrieved from a "piecewise" linear model.
Remark 5.1. The result just obtained can be extended to a more general nonlinear stress-strain relationship σ = ϕ λ (ε) = dψ λ (ε) dε , such that ϕ λ , as λ → ∞, tends to the graph reported in Fig. 4 . Indeed, by virtue of condition (5.7), any hyperelastic model is characterized by P diss = 0. If we want to construct a sequence which in the limit gives the same motion we have studied in the previous sections, we must introduce some dissipation.
Remark 5.2. The same sequence of "bi-elastic" materials was considered in Refs. 7 and 9 to approximate the original system by means of a penalization method. Such a procedure, which clearly fails in our dynamical case for the reasons we have explained, was successful in Refs. 7 and 9 in the context of equilibria, since dissipation is obviously absent in that case.
The Uniaxial Extension Problem
Here we consider the motion of the form:
where (X, Y, Z) and (x, y, z) are typical points occupied by a material point in the undeformed and deformed configuration, respectively. Let h be the body length and let us divide it into two regions:
• 0 ≤ X < s(t), corresponding to the elastic part.
• s(t) ≤ X ≤ h, corresponding to the fully strained part.
In the elastic part the deformation gradient and the right Cauchy-Green tensor are If we make the assumption
that is we consider small deformations, then det(F) = 1 and ρ 0 = ρ. With this approximation Eq. (6.2) becomes ρf tt = 2µf XX , which is equivalent to the shear problem considered before. However, in the traction problem the density may be discontinuous across the interface introducing a substantial difference. The study of the traction problem will be considered in a future paper.
Conclusions
We have formulated a mathematical model for the dynamics of materials possessing a strain threshold beyond which no deformation is allowed. More specifically we have considered a motion of a layer of such a material which is kept fixed on one boundary and subjected to a shear stress on the other, taking values beyond the threshold.
This problem is suggested by the behavior of some biological tissues (e.g., tendons) which exhibit a sharply reduced deformability beyond some stretching threshold, and geological materials that exhibit the phenomenon of "locking."
The mathematical structure of the problem is a hyperbolic free boundary problem characterized by the fact that different initial and boundary data may produce different free boundary conditions. Accordingly, the stress (and the velocity field) may or may not exhibit a jump discontinuity on the free boundary itself. The main physical difference between these two situations is that the discontinuous case exhibits entropy production.
We have examined a class of problems in which the stress is continuous, emphasizing that these situations correspond to somewhat artificial choices of the data, and we have proved a uniqueness and existence theorem for a sufficiently small time. In that case the interface is shown to be subsonic. Numerical computations have been performed. We have also constructed a solution that for some time has a stationary interface.
Problems with more natural sets of data (e.g., zero initial deformation and velocity and constant or steadily increasing applied shear) have been studied, showing that the interface is now supersonic and that the process is dissipative.
Finally we have considered a hyperelastic piecewise linear constitutive relationship and we have shown that the model with the strain threshold cannot be retrieved in this limit. The main physical reason being the fact that the piecewise linear hyperelastic model does not dissipate energy.
We believe that the present paper poses some interesting questions that should be further investigated as the model under consideration is a good starting point for dealing with applications concerning biological and geological materials.
where η k = (k + 1)η k+1 , we look for a F (ξ) which is also analytic, that is
which provides the coefficients the series (A.5) has the same convergence radius as the power series of the function η. So the existence is proved. Uniqueness in the class of bounded measurable functions follows by standard arguments.
